AN EXTENSION OF A THEOREM OF G. SZEGO AND
ITS APPLICATION TO THE STUDY OF
STOCHASTIC PROCESSES(})

BY
ULF GRENANDER AND MURRAY ROSENBLATT

1. Introduction. In this paper we study minimum problems associated
with quadratic forms

1.1) 0n = M

where ¢ is a column vector with components ¢y, ¢, * - -, ¢, and M™ is a
Hermitian matrix with the elements

mz(:; = f et’(p—q))\f()\)d)\’ baqg= 0,1,--+,m

-

We denote the conjugate of the transpose of a matrix 4 by 4A’. Here f(A\)
is a nonnegative integrable function in (—m, w]. We shall define f(\) with
period 27 on the real axis. Some of these minimum problems arise in the
theory of stationary stochastic processes. These applications will be discussed

in §5 [3].
Szego [6] has studied the minimum u, of Q, subject to the restraint
Paa) =1
where

P.(w) = 2 c,w".
=0

He has shown that if [a] <1, the limit u of u, as n— « is positive if and only
if

f log f(A)dAN > — o,
Then we can write the formal Fourier expansion

log f(\) ~ ko + 22 (k, cos v\ + 1, sin »\).
p=1

Putting
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k )
g(w) = 7 + X (B — ib)w’
r=1

and
D(w) = 9™,
Szegs has shown that
p=2n|D(@) (1 — | ap?).

We are going to study the minimization of the quadratic form Q, with

restraints
* : . o
(1°2) c. P (J)_Bn k=0)13°")n.7'!]=1""’m1
where the ; are different points in the closed unit circle and where the 8}
do not all vanish. The results of the paper are valid with appropriate modxﬁca-
tion when the restraints are of the form
*o ® P =
c*. P (a,)—B,, kESyj=1,-+-,m,

where S; is a finite set of nonnegative integers. We have restricted ourselves
to restraints of the form (1.2) in order to avoid excessive notation. -

2. Conditions inside the unit circle. We order the pairs (j, k) according
to increasing j and for fixed j according to-increasing k; let # be the number-
ing index of these pairs, r=1,2, .- ., N= Z}’.‘_l (n;+1). Defining the inner
product of two polynomials g(w), k(w) as

(6 h) = f " g(e™) [A(e™ I V),

we introduce the orthonormal polynomials ¢,(w), »=0, 1, - - -, obtained by
the Gram-Schmidt procedure from 1, w, »?, - - - [6:]' Then- we can write _,

Paw) = ): ds()

so that
0= al
THEOREM 1(3.

(2.1) pn = B'(Ha) '8, n>N,

(3) [ + J* denotes the conjugate of [+ -]’ o S
(®) We thank the referee for suggesting the simple-proof of Theorem 1 glven above. -
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where (3 is a-column vector with the N components (3. =0} and H, is a nonsingular
N X N mairix with elements

(k) (k’)

hr,n = Z ¢' (aj)¢' (ai')v
»==0

re(j, k), s, k).
If log f(\) is integrable and all the restraints (1.2) are at points o; inside
the unit circle (we call such a set of restraints C;), then

(2.2) p = lim p, = g'(H)B

n—>0

where H is a nonsingular N X N matrix with elements

X =y = aj.

1 /9% 9% 1 1
hr.a =—\ ’ y
27 \dx* 9y**' 1 — xy* D(x)[D(y)]*
Proof. We have to minimize Q,= D _*_, ]d.l 2, n2 N, with the restraint

Z d'¢:k)(ai) = ﬁf’ or Z dl, = Br, r=12---,N.
y=0

=0

We introduce the column vectors d= {d*}, I,={L.} = {¢®(e;)} in n-space
so that the restraints have the form d’l, =4, and Id 2 has to be minimized
The vectors /, are linearly independent since

Z t?¢:k)(aj) = 0, y = O’ 1, cee,m,

would mean that
> 4P @) =0
ik

for any polynomial f(z) of degree #. By proper choice of f we find £ =0.
Now the vectors l/ span a linear manifold

u ’
pIp
p==1

and the projection of d onto this furnishes the minimum of |d | . So assume d
has the latter form. The restraints are now

N .
Zk(lnlr)':ﬂn s=1921°"tN-
r=1
The Hermitian matrix H,=[(l, l,)] is positive decfinite. Introducing the
column vector A= {\,}, we can write these equations as follows: H.A=§ so
that A= H;'8. The minimum in question is
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2
= > MG b) = NH = g'(H)H.H, '8 = 8/ (H) 8.

T,

y ’
hPIp WA
r=1

Substituting we obtain for the elements of H,:

(k) (k')

ey b) = }:“;qb. (@) (a;)]*

But

. i * — __1_ 1 !

uniformly for | x|, | y| <1 [6, Satz XXXI]. From this it easily follows that

lim Zn: & (@) oy (as)]*

N0 Yyl

1 (6" ¥’ 1 1
27 \9x* 3y** 1 — xy* D(x)[D(y)]*

and we have (2.2).

3. Conditions on the unit circle. We now consider the restraints (1.2) at
points a; on the unit circle and call such a set of restraints Cs. This case differs
considerably from that just treated. Here we get u=0 and are mainly
interested in the principal term of u, as n— «. To study this we have to in-
troduce certain regularity conditions on f(A).

),x=a,',y=a,v,

THEOREM 2. Let
(3.1) IO = e IT| e — e |20, —r <0, <,
v=1

where g(\) is positive and continuous and the I, are positive integers. Then

27 7; A2 2 )
3 () BTV | IR

2, N
n?t1 rit+ti=p eilyta;

Mn =
rj

1
a; = WA
O<n2’+2 ) i e,

where p, 7;, tj, v; and d(p, v;) are defined below.

3.2)

Proof. Choose two trigonometric polynomials a¢(w), b(w) in w=e® of
order p so that

1 1
-2—| a(e™ |2 < g\ < —| b(e™ |2, | o(e™ | — | a(e™ | < e
T 27
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Let us now consider the case when g(\) is exactly equal to
. ] )

Z a'eiv)‘ .

r=0

Then we should minimize under conditions C

i| a(e™ |2 = _1_
27

1 z
___f | Pae™ p(e™) |2dN
2rd

where

p(w) = a(w) [] (w — 2,)%, 2, = e,

Let g(w) =P, (w)p(w). The problem can then be rephrased in the following
manner. We minimize the integral

P I g(e™) 12an

under the conditions, say CJ, that the conditions C; induce on g(w). It is
clear that the CJ are of a similar form

®(w)) =, E=0,1,--,vyj=12+--, M,

where w; is one of the a;'s or 2,’s. The range of (4, k) is not necessarily the same
as in C, but we carry out in a similar mapping of (4, k) onto a single index 7.
Then we get from (2.1)

(3.3) pn = ' (Ha) ™.

To compute H, we observe that in the present case f(A\) =1/2x so that ¢,(w)
=w’. Hence if |x| =|y| =1,

Z 3@ o ()]

=ax*y Y yp—1) - =+ —1) - (v — k + Dy,
=0
If x=v we get

kR4
x kR m + O(n*+%"),

If x>y we use the Abel summation formula and find that the expression is
O(n*+*"), Hence
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(3'4) Ha = D ADhp
where
nll?
n1+1/z
. 0
(3.5) D, = 1 nntl/2 +
nllﬁ
0 .
nrM+1/2
and
1
An,=A+4+—R,
"

where R, has bounded elements. Here we have put

71

0
A= 'Yz.
0
™
where .
—rp
{ i 0,1 v}
.Yj= _—;1’,“= ”"”j’
vt+et+1

Now note that

(s) (k—e)

k | E sk
¢“w) =X )P.. w)p " (w).
=0 S

If 2, does not coincide with ahy a; ,the conditions induced at 2, are

g®(z,) = 0, E=0,---

If a; does not coincide with any s,, the condition at «; become
LA
(k) s (k—s) .
0”@ = (D)™,
=0\ S
and if B is the first nonzero 8 corresponding to a;

¢ (a)) = B7a(e) II (@; — 2)»

117
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and
q®(ay) = 0, E<r;
Now let @j=z,. Let r; be defined as above. Then
¢*®(z) =0, E<r;i+1,
(r,+l )( N = (fj + l.) 87az) TI (o — )
r; pp

Let ¢; be the order of the zero of g(w) at «;. If there is no zero we set ¢;=0
and if a;=3z, then ¢;=1,. Let the least & such that there is an 7}>0 be called
p. It follows from (3.3), (3.4), and (3.5) that the leading term of u, will
consist only of contributions from the conditions with k=p. It is clear from
the discussion above that we then get

1 r,~+l,~2 ri 2
Ba =t Z ( )lﬁ;l
nETD pivti=p £

1
T (nw)

1 -1
d(p, n) = {m;%#=0,"',”}
PP

@+ II (M)

7=0,5%p J—p

a(ey) IT (a; — 2)%]| -dlp, v;)

Zy #Ay

where

(see [1, p. 177)).

The true value of u, if f(\) is given by (3.1) will be between the two
values computed for a(w), b(w). Letting € tend to zero we get the desired
result.

REMARK 1. If none of the zeros of f(A) coincide with any «;, then p is
simply the smallest % such that there is a nonzero B}. We then have

2l () dto ) +0 ().

REMARK 2. The case when there are conditions both inside and on the unit
circle is now easily handled. If some 8 in C; does not vanish, then x>0 and
its value can be computed from (2.2) as if no conditions on the circle had
been present, as is easily verified. On the other hand, if all 8’s in C; vanish,
u,—0 and we get its principal term from (3.2) as if C, were the only condi-
tions. ‘

Theorem 2 suggests that the error u, computed with the minimizing poly-

n2etl
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nomial corresponding to a uniform weight function is of the same order as
the error u, computed with the minimizing polynomial corresponding to
weight function f(\). The following theorem indicates that this conjecture is
essentially true [4].

THEOREM 3. Let f(\) be a nonnegative continuous function having no zeros
in common with the points a; of the conditions Cy. Let

ul = f "] Pale® [0N)aN

-

where P,(w) minimizes [~ |P,.(e"‘)| 2d\ under conditions Cy. Then
) 14
lim &2 = 1.
n—w fin
Proof. Let P,(w)= Y & v,%” be the minimizing polynomial under condi-
tions Cs and the assumption that the spectral density is uniform (fQ\)=1).
Let

k

T w” = ¢, x(w).

Then

1 L 3 . n

[ irtan Sl
where

7 = N
or T
v =¥A

where

Woola)[*  [oala)]* - -+ [Wom(a)]*  [Wo.0(a)]* - -
Wrole)]* Wria)]* - - - Brmla)]* [Prolad)]* - -

.........................

Wnole)]* [Waale)]* - -+ Wamla)]* [Wnolan)]* - - -

and A= H; 8. As before we factor H, so that H,=D,A.D,. Then

‘p=

(n) (n) 14 .(n) ’ -1 (n) —
uh = X yumeat = My = Ny M N = g VM YH, B

(n) —1 -1

= 8D, (A D Y M D, A, D, 8.
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But ‘
oy = {['p,,,,(a,-)] ‘

nkt1/2

Hence a typical element of D; %' M™yD; ! is
® () [Yare(a)]*
2

i nkiH12

Sy pk+1/2

1 T
=— oy — 1) e (p — L
(3.6) nb+1J "Z’_oc Wy — 1) - -+ (v k+v1)p(p 1)
—k *p

(w— ¥ 4 Daj " o FNM
Let A=lim,., A, as before. We shall show that

3.7 DYV M™D, = fA +0()
where

. m ‘ n2

(7(\) )
: 0
-1 JO) o = o
f - f()\.z) ’ J e,
o 0w

First suppose a;“a;. Then (3.6) can be rewritten as

bt 8

a5 fag 17 [ e o (e10009) [ s (0 AN

where
' 1 dF f1 — i 3
nx(2) = nk+1i2 dyk \ 1 — @ v=e
If [N=)\;] 2, o
(o)
| 7,1 (e5020) | < ]

while if |[A=);] <e
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| n”'k(es(x—x;))l < nll2,
Hence if N\;j5%\; expression (3.6) converges to zero. Now consider aj=a;
=¢™, Then (3.6) can be rewritten as

Ll

1/n R+ gi (k=N Sy —1) - —k+Du—1)---

—x  y,u=0
(= ¥ + DeOm00f(NdN,
Let

Sk()\) =

1 n
3Oy — 1) - (p — k4 1).

nk+1l2 0

Consider
KN = 2 ysM s = | Z s |2 2 0.
1, k=1
One can verify that
1. K.(\) — 0 uniformly in N if | X — \;| > ¢,
. - yeyi*
2. 1 K.(\)d\x = 2 —_—
(2 lm KON =202 T
Hence (see [5, p. 49])
B 2mf(N;)
li Nsi(N)f(N)dN = —— .
lim _‘Sz( )se(N)f(N) I F R+ 1
But (3.7) then follows immediately. Now

b = B () + o)A + o)A + o(1)D; B
= 8D (W) + o(1)fDy B.
The theorem then follows.
4. The approach of u,—u to zero under the restraint P,(0)=1. This
problem is of interest in the theory of stochastic processes. Moreover, it does

give some insight into the more general problem where the restraints are of
the type C;. Let 6, =u,—u.

THEOREM 4. The decrease of 6, to zero is at least exponential if and only if
(1) f(\) coincides almost everywhere with a function g(\) that is analytic for all
real X\ and (2) g(\) has no zeros.

Proof. Assume that (1) and (2) are satisfied. Then the function
| o(w) = f(N), w=¢€" — 0 <A< w,
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where we have chosen one determination of the logarithmic function, can be
analytically extended to an annular region p1<|wl <psz, p1<1<ps. In this
region we can then represent log ¢(w) as a convergent Laurent series

log ¢(w) = Z Yyw’.

We then note that
D(w) = exp {% + 2 vi‘w"}
1

and hence D(w) is analytic in the closed region lwl =1 and has no zeros in
this region. One can define the inner product of two functions g(w), k(w)
such that g(w)D(w), h(w)D(w)EH, as in 2. Then ||g”2=(g, g) and the set
of functions g(w) such that g(w)D(w) E H, is a Hilbert space. Now

= 1 = [[sa(@)][? = [[D©)/D(w)||?

= ([sa(@)l| + [[D©)/D@)) ([sa()]| — [|D©)/DC2)])

ol = K(Z1e8)”

sa(w) — ——|[| £ K d,|?
(w) - > @) : E)ll |

where s.(w)= D » d,w* is the nth partial sum of the Taylor expansion of
D(0)/D(w). But |d,| <d’<1 so that §, = Kd*’?, 0<d<1.
Now assume 8, < Kd", 0<d<1. Then

| $,(0) | < Ksd»'2,

However, |¢,(w)| <K, w|” on |w| =1+¢, €>0 (see [6, Satz XXXII]). If
14+€e<1/d'/? we have uniform convergence of

=K

-

2«? [6:(0) ¥ ()

so that 27 Y % [#,(0)]*¢,(w) represents an analytic function in Iw[ <l+e
However it coincides with
1

[D(0) [*D(w)
when lwl <1 (see [6]). We can then extend 1/D(w) analytically into lw]

<1+e. But then D(w) is analytic and different from zero in lwl <1+e. But
we have except on a set of measure zero

fO) =|D(e™ |2 = D(w)D*(1/w), w = e,

where D*(w) denotes the function obtained from D(w) by taking the conju-
gates of its Taylor coefficients. From this the result follows.
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Let us note that Theorem 4 is true more generally for conditions of the
type C..

We have seen that if §, decreases exponentially, f(A) cannot have any
essential zeros. In the following theorem we study what happens when f(\)
has zeros.

THEOREM 5. If f(\) coincides almost everywhere with
gL er — e 20,
r=1
where g(\) is positive and has an integrable third derivative, then
o, = 0(1/n).
The order is attained for some such f(\).

Proof. If g(\) has an integrable third derivative, D(w) has a bounded
derivative on | wl =1. Repeating an argument used in the proof of Theorem 2,
we see that

un =8 (Hora) 8, M=31,

where 8 has its first component equal to one and the remaining components
are zero and

' |
0 1
Hn+M = Dn " * + - Bn Dn
0 . ] n
Yrp
where B, is bounded and
1
nl/? 0
D" = A 4
nh+l/2
nl/2
0 .

The theorem follows immediately. The bound can be realized by f(\)
=|1—e?|2.

5. Applications to stochastic processes. Consider a discrete stochastic
process x;, — © <t< o, with mean value m,=Ex, We assume that the
second order moments E|x,|? exist and that the reduced process y:=x¢—m;
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is stationary in the wide sense, that is
Ps,t = Eytyt* = Ts—t.
Then we know that
r, = f e™"dF(\)

where F(\) is bounded and nondecreasing in (—a, 7). The completely non-
deterministic processes form an important subclass. They are completely
characterized by

(1) F(\) absolutely continuous,

A
nm=f1w¢
and
@ [ g 0> — .

The nonnegative function f(\) is called the spectral density of the process.
In various problems one isinterested in minimizing the variance of a linear
form D% ¢, subject to some conditions on the ¢,’s. But this variance is

n
2 Gt
»,u=0

which is of the form (1.1). We shall consider some problems of this type.
1. Let us first assume m,=0. Having observed x,, x3, - - : , ¥, we want to
form a linear combination )} ¢, such that

n
X0 — E (2% 2%

1

2
= min.

E

This is a familiar problem of extrapolation. This is the type of problem treated
in the previous sections since we can write it as

m=fWPwMWmA=Mm

P,(0) = 1.

The only restraint is inside the unit circle and we then know that u, tends to
a positive value u as #— . From Theorem 1 we get

l x
(5.1) p = 2r| D(0) |2 = 2 exp {; f log f(x)dx} .
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The “predictor” is
> ex, = > ceMZ(N)
=1 - 1

where Z()\) is the orthogonal process corresponding to the stationary process
x¢ (see [2]). The limit in the mean of this stochastic variable as n— is

(5.2) f _:[1 - ;(S:f)] azM).

(5.1) and (5.2) can be found in [7].
2. A slightly more general case is extrapolation k steps back, i.e., given

a sample Xx, Xx41, * * * , % to predict xo. We see that this corresponds to the
conditions
P0) =1,
P'(0) = 0,
...... ,
PG-1(0) = 0.

This is again a context treated in Theorem 1. Analogues of expressions (5.1)
and (5.2) in this case can be found in a similar way.

3. Suppose that m, is equal to an unknown constant m. From the sample
%o, X1, * * + , X» We want to construct a linear, unbiased estimate m* of mini-
mum variance. It is immediately seen that this is equivalent to the minimiza-
tion of J7, IP,,(e”‘) | 2f(N\)d\ under the condition P,(1) =1. As this is a condi-
tion on the unit circle, we can apply Theorem 2 which gives us

271(0)

n

E|m*—m|2~

Theorem 3 implies that if f(0)0 and f(\) is continuous, we get an asymp-
totically equivalent estimate by solving the same minimization problem for a
uniform spectral density. But that would give us just the empirical mean
. { .
> %
n + 1 0
4. Let m,=mt(t—1) - - - (—k-+1)ei™, If we now want to get a linear
unbiased estimate of minimum variance m* of m we have the condition
P,(,k) (em) = g—ikMo,
Again we can use Theorem 2 and get
2w f(e™
E|m* — m|2~LZ 2k + 1).

n2 k+1

a* =
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We can also apply Theorem 3.
5. If we are interested in polynomial or trigonometric regression we put

(k,4) LY

¢ =tt—1)---C—k+De ",
m: = Z ckt!¢£k'j)
k.j

where the regression coefficients c;,; are unknown. To get an unbiased mini-
mum variance estimate of ¢ ; we have the conditions

PW(e) = 0 it ¢, s) #= (K j),
P(k)(ei)\i) = ¢—ikM,

All the conditions are on the unit circle.
6. If m,=m is unknown and we wish to predict the value of x, from
Xk, %41, © -+, Xn it may be advantageous to use an unbiased predictor

n n
> ey, D=1
=k r=k

We then get the conditions

P0) =1,
P'(0) = 0,
PG-1(0) = 0,
P(1) = 0.

It follows from Remark 2 that the limiting variance of this predictor is the
same as that of the predictor in problem 2.
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